In the last decade, several models of adult mathematical problem solving have been proposed, based on normal adults or on patient data (e.g. Cipolotti, 1995; McCloskey, 1992) . However, there still seems to be disagreement on several issues. One striking difference between the models is the relationship between the semantic information and the input and output. Some models claim that all input (e.g. the verbal numeral 'five' and non-verbal Arabic digit '5'), goes through the semantic system, involving an abstract internal representation (e.g. Gallistel & Gelman, 1992; McCloskey, 1992) . However, evidence for non-semantic number naming has been reported (Cipolotti & Butterworth, 1995; Cohen & Dehaene, 1991; Deloche & Seron, 1987) . In addition Dehaene (1992) postulated three interconnected number systems: an analogue magnitude (semantic) representation for number comparison and approximate calculation, a visual system for parity judgments and multi-digit operations, and an auditory-verbal word-frame making use of general language modules and having access to stored mathematical facts.
For some children mathematics remains a very frustrating topic. Between 3% and 8% of students in Flanders have developmental mathematical learning disabilities in primary school (Desoete, Roeyers, & De Clercq, 2003 , 2004 . Similar prevalence rates have been found in other countries (e.g. Shalev, Manor, Auerbach, & Gross-Tsur, 1998) , and the number of students with learning disabilities has increased substantially over the last 20 years (Swanson, 2000) . Although there is a general agreement that developmental mathematical learning disabilities are persistent, leading to residual problems in adolescence, and even in adulthood (Miller & Mercer, 1997) , there are a number of unresolved issues. One of these issues concerns the question of whether there is a continuum from very good to very poor mathematical problem solving among children, with those with mathematical learning disabilities at one end of the continuum. In this case the low performances of those children can be explained as a result of missing, immature, or slower developed sub-skills (maturational lag hypothesis). According to Wong (1996) the assumption that students with learning disabilities lack skills is invalid. Instead, Wong argues these children appear to have less sophisticated skills than peers without learning disabilities. Furthermore, low scores in children with learning disabilities are considered by Borkowski and Thorpe (1994) to be the result of insufficient maturity in the development of the regulation or executive control of cognitive skills. Another possible explanation is the deficit hypothesis, whereby children with mathematical learning disabilities would be expected to have qualitatively different, disrupted, or disharmonically developed cognitive sub-skills, not comparable to the skills of younger children (Geary, 1993; Geary, Hamson, & Hoard, 2000) . In this case, we cannot expect cognitive sub-skills to develop spontaneously, and therapy should focus on these deficits.
The development of the abilities that underlie mathematical problem solving in children has been studied within several theoretical frameworks. Developmental models often focus on specific aspects or sub-skills, such as counting (Gallistel & Gelman, 1992) , calculation (Levine, Jordan, & Huttenlocher, 1992) , or constructing twodigit numbers (e.g. Fuson, Richards, & Briars, 1982; Fuson et al., 1997) . Reflecting on adult number processing, developmental issues in numeracy, and our own experience in the domain of mathematical learning disabilities, we developed an assessment of nine cognitive sub-skills (see Table 1 ) involved in mathematical problem solving in young children. The skills were tested for conceptual accuracy and clinical relevance on a sample of children with average intelligence and mathematical learning disabilities (N ¼ 268; Desoete, 2001 Desoete, , 2002 . In addition, partial correlations were computed between all sub-skills (Desoete & Roeyers, 2002b) . Parts of the model have been used to assess some children's productions in different situations (Desoete & Roeyers, 2002a) and to measure the mathematical competencies of children after a new instructional design (Desoete, Roeyers, & De Clercq, 2004) .
According to the nine-skills model, mathematical problem solving depends on adequate non-semantic number-naming or reading (NR) skills where numbers are translated from one kind of presentation (e.g. the Arabic presentation '9') to another kind of representation (e.g. the oral representation of the number word 'nine'; Cipolotii & Butterworth, 1995; Collet, 2003; Fuson et al., 1997; McCloskey & Macaruso, 1995; Seron & Noel, 1995; Van Borsel, 1998) . Children need to know that 'nine' is not written as '6' and that '47' is not read as 'seventy-four'.
The second problem solving skill has to do with the non-semantic translation within the mathematics lexicon (e.g. Van Borsel, 1998; Veenman, 1998; Verschaffel, 1999) . To solve mathematical problems, children have to deal with operation symbols (S; e.g. £ , þ , , , . ) without making mistakes of a perceptual (e.g. £ , or þ, 2 or ¼ , , or . ) or phonetic type (e.g. 'min' or minus, 'maal' £ or times).
Furthermore, mathematical problem solving depends on the insight in the number structure or on the knowledge (K) of the position of decades and units and the ability to establish base-ten structure relationships (Collet, 2003; Dehaene & Cohen, 1997; Fuson et al., 1997; Veenman, 1998) . K skills are semantic tasks, required to be able to know that 47 is composed of 4 decades and 7 units and that 47 is 1 more than 46 on the number-line.
In addition, mathematics depends on procedural (P) knowledge and skills to calculate and to solve mathematical tasks in a number problem format (e.g. 47 2 9 ¼ _; McCloskey & Macaruso, 1995; Noel, 2000; Rittle-Johnson, Siegler, & Alibali, 2001; Veenman, 1998) . Children have to know how to make subtractions to solve 47 2 9 so that the result is 38 and not 42. Those P skills seem to depend on a visual system used for multi-digit operations, although to succeed in these calculations a child also has to have access to stored subtractions and arithmetic facts (Dehaene, 1992) .
Linguistic skills (L) are cognitive conceptual skills enabling children to understand and to solve one-sentence mathematical problems in a word-problem format (e.g. 9 less than 47 is _; Campbell, 1998 auditory-verbal word frame, using general language modules. Some children may have no problems with formula tasks (47 2 9 ¼ _), but seem to have problems translating words (e.g. 'less') into calculation procedures (e.g. 'subtraction'). A mental representation (M) is required in most word problems, since a simple translation of keywords in a problem (e.g. 'less') into calculation procedures (e.g. 'addition'), without representation, leads to blind calculation or 'number crunching' (Geary, 1993; Hegarty & Kozhevnikov, 1999; Montague, 1998; Vermeer, 1997) . This superficial approach leads to errors such as answering '38' to tasks such as '47 is 9 less than _', '29 is 9 more than _' and '76 is half of _'.
Contextual skills (C) are cognitive skills, also using general language modules, enabling the mathematical problem solving in a more than one-sentence word-problem (see Table 1 ). Some children can have problems with this task due to problems with the limited capacity of the working memory ('cognitive overload') and to an insufficient knowledge base (or 'expertise') in mathematics achievement (Baddeley, 1999; Keeler & Swanson, 2001; Logie & Gilhooly, 1998; McCloskey & Macaruso, 1995; Schneider & Pressley, 1997; Swanson, 1990; Sweller, 1994; Valcke, 2002) .
In addition, some children fall behind in selecting relevant information (R) in order to create an adequate mental representation of the problem (Feuerstein, Rand, & Hoffman, 1979; Greenberg, 1990; Vermeer, 1997) . These children can have difficulties in ignoring the irrelevant number or information in an assignment. They believe all numbers have to be 'used' in order to solve a mathematical problem. They answer '59' (47 þ 3 þ 9) to the problem, 'Willy has 47 cards. Wanda has 3 books and 9 cards more than Ann. How many books had Wanda?' Number sense skills (N) is the ninth cognitive skill that enables the solving of tasks without giving the exact answer. Number sense skills depend on a semantic magnitude judgment (Cipolotti & Butterwoth, 1995) . Some children fail to estimate in advance the solution of a formula-task, for example, 250 2 49 ¼ _ will be around 200, (e.g. Dehaene, 1997; Sowder, 1992; Verschaffel, 1999) .
We would predict one mathematical component if all nine cognitive tasks are elaborated in the same manner. This would mean that non-semantic tasks (NR, S, and P) would not be differently elaborated from the semantic tasks (K and N) or semi-semantic tasks (L, C, R, M).
The present study

General problem
We focus the current research on two specific aims. First, the present study aims to inform the debate on the question of whether children's mathematical cognition is composed of one or more components. To do so, we investigate empirically, in an exploratory study, whether some cognitive skills in young children can be combined into one (semantic), two (semantic and non-semantic) or three (semantic, visual and auditory-verbal word frame) super-variables on which young children differ (Cipolotti & Butterworth, 1995; Dehaene, 1992; McCloskey & Macaruso, 1995) . One principal component accounting for all the variance in the nine cognitive tasks is predicted from the semantic transcoding model (McCloskey & Macaruso, 1995) . In this view the nonsemantic tasks (NR, S, and P) do not have to be differentiated from the semantic (K and N) or semi-semantic (L, C, M, R) tasks, since there is only one mathematics component. According to the combined model, two components can be hypothesized with NR and S tasks being non-semantic tasks (Cipolotti & Butterworth, 1995) . However, the triple code model predicts three principal components (Dehaene, 1992) . We can expect a first semantic component, needed for the elaboration of K-and N-tasks. A second more visual-spatial (non-semantic) component can be hypothesized to account for the elaboration of NR-, S-and P-tasks. A third component can be expected to account for the L-, C-, M-and R-tasks, depending on general language modules.
Secondly, the present study aims to investigate the delay or maturational lag hypothesis, by examining whether children with mathematical learning disabilities (MLD) show a similar profile on the nine dimensions to mathematically averageperforming younger children (MA2). In addition, the skills of experts (MA3þþ) are compared with those of above average mathematical problem solvers (MA3þ ), average performers (MA3), and below-average problem solvers (MA32 ). To examine developmental trajectories according to the retardation hypothesis, we could expect the same skills in children with mathematical learning disabilities (MLD), and in younger children matched at mathematical performance level (MA2). We could also expect continuously better performances on the nine skills from the below-average performers (MA32 ) to the expert performers (MA3þþ). In the case of a deficiency, children with mathematical learning disabilities would have different or disharmonically developed skills, not comparable to the skills and knowledge of younger children matched at mathematical performance level.
Method
Participants
In the first part of the present study the internal structure of the data was analysed on 483 primary school children (107 second graders [MA2], and 376 third graders) out of 30 class groups. The sample was drawn, with the written permission of the children's parents and teachers, from regular elementary schools. The socio-economic level (SES), based on the years of education of father (M ¼ 10:62 years, SD ¼ 2:69) and mother (M ¼ 10:62 years, SD ¼ 2:90) was measured. The average score for the total sample on the Kortrijkse Reken Test (KRT; Cracco et al., 1995) In addition, to investigate the delay hypothesis, the initial sample of second (N ¼ 107) and third (N ¼ 376) graders was divided into six mathematics performance groups (MA2, MLD, MA32 , MA3, MA3þ , and MA3þþ) as described below (see Table 2 ). The inclusion of six groups was important to control variables that might affect the results and to ensure that the difference found could be attributed to the maturational lag hypothesis, rather than to other factors, such as teaching method, gender, or socio-economic status (SES). In addition these groups were needed to compare children with learning disabilities (MLD; performing 2 2 SD on mathematical problem-solving tests in Grade 3) with younger children (MA2; also performing 2 2 SD on Grade 3 tests, due to their age and lack of instruction), and four groups of peers with consistently better mathematical problem-solving skills. These four groups were below-average mathematical performers (MA32 ; 2 1 SD on mathematical problem-solving tests in Grade 2), average performers (MA3; between 2 0.5 and 0.5 SD performers on Grade 3 tests), above-average performers (MA3þ ; þ 1 SD on Grade 3 tests), and expert mathematical problem solvers (MA3þþ; þ 2 SD on Grade 3 tests).
A combination of criteria (interview, testing, observation, and teacher rating) were used to select the group of 210 children out of the initial sample of 483 children. Out of the initial sample, all children with mathematical learning disabilities were included in the group of MLD. Those children had below critical cut-off (2 2 SD) scores. In addition, the number of other causes of low mathematical functioning was restricted, since only White native Dutch-speaking children without histories of extreme hyperactivity, sensory impairment, brain damage, a chronic medical condition, insufficient instruction, or serious emotional or behavioural disturbance were included in this study (exclusion criterion). Moreover, each MLD child was screened for inclusion in the study, with the permission of the parents, based on the following criteria: currently in Grade 3 and demonstrating an unexplainable (exclusion criterion) but severe and resistant (severeness criterion) ability-achievement discrepancy, even with the usual remediation at school. The discrepancy was based on standardized number fact (TTR) and/or domain specific mathematics test (KRT3) scores below the third percentile (2 2 SD; severeness criterion). In addition, inefficient learning strategies (unsystematic planning behaviour or a lack of meta-cognitive regulating behaviour) had to be observed during mathematics testing by a school psychologist or a team of therapists (and confirmed by protocol analyses or videotapes afterwards). Finally, the MLD children had to be rated 1 on mathematics on a 7-point scale according to the teacher. The final sample included 15 MLD children (9 girls and 6 boys). Three of those children had severe problems retrieving arithmetical facts and also had reading and long-term memory problems. Seven of the children failed in several mathematical aspects, such as mental arithmetic and number system knowledge, and in longer tasks, due to a very limited short-term memory. These children performed at an above-average level on reading and spelling tasks. Three children failed in word problems due to a previous language problem, and two children failed in geometry and the more visual spatial aspects of mathematical problem solving. All children were of average intelligence and the school could not solve the problem even with remedial teaching offered to all of the children. In addition, 12 of the children had a family member (brother, sister, or parent) with learning disabilities. All of the children were previously diagnosed with dyscalculia by the school psychologist.
A younger control group (MA2) was included in the contrastive analysis in order to be able to investigate the maturational lag hypothesis (and to compare MLD with MA2). These 45 children were of average intelligence (ages 7-8 years old) without a diagnosis of learning disability or other problems (see Table 2 ). The children were performance-, gender-and SES-matched with the children with mathematical learning disabilities (MLD; see Table 2 ). Children in Grade 2 were accepted in the study if they could be matched with a child with mathematical learning disabilities and had less than 5 points of difference in performance scores on the KRT3 (Cracco et al., 1995) and less than 5 points of difference in performance scores on the TTR (De Vos, 1992) compared with children with mathematical learning disabilities. The second graders also had to be rated 4 on mathematics on a 7-point scale in the teacher questionnaire (see Measures).
MLD children were compared with four other groups of age-matched peers: 45 below-average performers (MA32 ), average performers (MA3), 45 above-average performers (MA3þ ), and 15 expert problem solvers (MA3þþ). All of these children came from the same school and had comparable SES, gender, and age than the children with MLD. To be accepted in our sample as below-average performing children (MA32 ), Table 2 . Matching criteria of the participants (N ¼ 210) the participants had to be in Grade 3 and obtain a score of 2 1 SD (or , pc 16) below the mean on the mathematics tests (KRT3 and TTR) and they had to be rated 2 on the teacher questionnaire. The below-average performance level also had to be acknowledged by a school psychologist. To be included as average-performing children without disabilities (MA3), the participants had to be in Grade 3 (MA3) and obtain a score of 2 0.5 SD below or þ 0.5 SD above the mean on the mathematics tests for Grade 3 (KRT3 and TTR) and they had to be rated 4 on the teacher questionnaire. To be accepted in our sample as above-average performing children (MA3 þ ), the participants had to be in Grade 3 and obtain a score of þ 1 SD (or . pc 84) above the mean on the mathematics tests (KRT3 and TTR) and they had to be rated 6 on the teacher questionnaire. The above average performance level had also to be confirmed by a school psychologist. To be accepted in our sample as expert-performing children (MA3þþ), the participants had to be in Grade 3 and obtain a score of þ 2 SD (or . pc 97 ) above the mean on the mathematics tests and they had to be rated 7 on mathematics on a 7-point scale according to the teacher. The expert performance level had to be confirmed by a school psychologist. To differentiate the MLP from the MA3 children and the MA32 from the MA3 group, children with a teacher rating of 3 or 5 were not included in this study.
Measures
The Kortrijk Arithmetic Test (Kortrijkse Rekentest; KRT; Cracco et al., 1995) is a 60-item mathematics test on domain-specific knowledge and skills (e.g. 129 þ 879 ¼ _; add three 10s to 61 and you have _), resulting in a percentile. Since we found performances on mental computation (e.g. 129 þ 879 ¼ : : :) and number system knowledge (e.g. add three 10s to 61 and you have : : :) on the KRT to be strongly interrelated in our sample (Pearson's r ¼ :76, p # :01), we used the standardized total percentile based on national norms. The psychometric value has been demonstrated on a sample of 3,246 Dutch-speaking children. A validity coefficient (correlation with school results) and reliability coefficient (Cronbach's a) of .64 and .91, respectively, were found. In all groups (MA2, MLD, MA32 , MA3, MA3þ , MA3þþ), the standardized total percentile based on Dutch norms was used. The version for Grade 2 was used for MA2; the version for Grade 3 was used for MLD, MA32 , MA3, MA3þ and MA3þþ children. In addition, the children in Grade 2 (MA2) also carried out the version for Grade 3 in order to make matching possible with the children with mathematical learning disabilities in Grade 3 (MLD). The Arithmetic Number Fact Test (Tempo Test Rekenen, TTR; De Vos, 1992 ) is a test on 200 arithmetic number-fact problems (e.g. 5 £ 9 ¼ _). Children have to solve as many number-fact problems as possible out of 200 in 5 minutes. The test has been standardized for Flanders on 220 third graders (and on 10,059 children in total; Ghesquière & Ruijssenaars, 1994) but no further psychometric data were available (Ghesquière & Ruijssenaars, 1994) .
The Cognitive Developmental skills in aRithmetics (CDR; Desoete & Roeyers, 2002c ) is a 90-item test on the nine mathematics building blocks, (NR, S, K, P, L, C, M, R, N) based on the EPA2000 (De Clercq, . The CDR was specifically designed for the present research questions (see Table 1 ). The psychometric value has been demonstrated on a sample of 733 Dutch-speaking children in Grades 2-4. The CDR was tested in a pilot study in order to determine its validity for this age group and for its sensitivity in measuring individual differences (N ¼ 30) . Analyses showed that students handle the instrument well and they solve the tasks without the need for additional instructions. In addition, students were observed and videotaped during the test and interviewed once the test was over. Protocol analyses were carried out on the basis of the videotapes. The given answers (e.g. read the number aloud) all referred to the constructs in question (e.g. NR number naming). In addition different experts on mathematics were consulted on each of the CDR-test items, in order to increase the construct validity. To examine the reliability of the developed cognitive parameters, Cronbach's a reliability, Gutmann's split-half, and Spearman-Brown analyses were conducted on 776 children. Cronbach's as were .80 for NR-tasks, .70 for S-tasks, .82 for K-tasks, .81 for P-tasks, .66 for L-tasks, .88 for M-tasks, .83 for C-tasks, .81 for R-tasks, and .88 for N-tasks. Gutmann's split-half and Spearman-Brown's coefficients were .70 and .72, respectively. Furthermore, all variables were normally distributed and test-retest correlations of .85 (p , :0001) were found on 150 of the children.
The teacher questionnaire, which was created for the study, is an 8-item rating scale questionnaire for teachers. Teachers rated the mathematical and reading performances as well as the intelligence of children (e.g. very low compared to peers [1]/very high compared to peers [7] ). The teacher questionnaire was tested in previous studies in order to determine its construct validity (Desoete & Roeyers, 2002a; Desoete, Roeyers, & Buysse, 2001 ). Reviews indicate that these judgments can serve as reliable assessments of students' achievement-related behaviours triangulated with data gathered by other protocols (Winne & Perry, 2000) . Furthermore, teacher's perception of students' use of strategies was found to be an important predictor of academic performances in children with learning disabilities (Meltzer, Roditi, Houser, & Perlman, 1998) . In a previous study (N ¼ 150) with the teacher-rating questionnaire, teachers were found to have a good understanding of children's performances in the area of mathematical problem solving. All children with mathematical learning disabilities, diagnosed by reliable and valid mathematical problem-solving tests, were detected based upon teachers rating .
Data collection
The children completed three standardized tests of mathematics, the KRT (Cracco et al., 1995) , the TTR (De Vos, 1992) , and the CDR (Desoete & Roeyers, 2002c) on the same day.
The tests took about 2 hours in total. The KRT and TTR were used to match the six groups of children (MA2, MLD, MA32 , MA3, MA3þ , and MA3þþ) in this study. Both tests consist of an independent assessment of domain-specific mathematical problem solving (KRT) and retrieval of number facts (TTR) neither created by us nor related to our building block model. Therefore, they were used as independent measures to determine mathematical performances of young children in this study. The CDR was used as a dependent measure of the nine cognitive skills in young children. Teachers filled out a questionnaire on mathematical problem-solving skills, reading and intelligence. In addition, mathematically low-functioning students were videotaped during testing. All subjects were assessed individually, outside the classroom setting. The examiners received 6 hours of theoretical and practical training in the assessment and interpretation of the four instruments (KRT, TTR, CDR, teacher rating scale).
Results
The correlations between the cognitive parameters (number reading, operation symbol reading, number system knowledge, procedural calculation, language comprehension, context comprehension, mental representation, selecting relevant information, and number sense) were computed. The correlation matrix between the cognitive parameters is presented in Table 3 .
All skills are significantly correlated, indicating that our nine kinds of competencies or sub-skills participate in the same general competence, which we call 'the mathematical problem-solving competence'.
Given the high intercorrelations between the parameters, the internal structure of the total sample (N ¼ 483) was analysed with a principal components analysis, to account for the variance. This analysis was carried out in order to develop a small set of components empirically summarizing the correlations among the variables. In order to determine whether the nine cognitive parameters could be combined into a number of components, an initial run with principal components extraction was carried out on our total sample of children. Nine components were needed to account for the variance in both datasets. This initial number of nine could be reduced to two components, retaining enough components for an adequate fit but not so many that parsimony was lost. The two-components solution (see Table 4 ) was based upon the following criteria. The first criterion was that there were only two-components with eigenvalues higher than l (Kaizer normalization). The second criterion was that this two-component solution accounted for 62.93% of the common variance.
Our results favoured two cognitive components. Since these results do not validate the semantic model (Mc Closkey & Macaruso, 1995) or the triple code model (Dehaene, 1992) , it seemed useful to replicate these components in different subsamples (two samples of third graders and one sample of second graders).
Therefore, the third graders were randomly assigned to Group A or Group B. A principal components analysis was carried out on those random subsamples of the third graders (N ¼ 188), to explore the internal structure of the data. An initial run with principal components extraction was carried out on both samples of children. Nine components were needed to account for all the variance in both datasets. This initial number of nine could be reduced to two components. The two-component solution accounted for 53.89% and 51.51% of the common variance. The component matrices are presented in Table 4 . In addition, we aimed to replicate the structure of the cognitive components on the second graders. A principal components analysis was carried out on all second graders (N ¼ 107) to explore the internal structure of the cognitive data and to find out whether the cognitive parameters could be combined into the same super-variables (as above). Nine components were needed to account for all the variance in both datasets. This initial number of nine could be reduced to two components. The two-components solution accounted for 62.93% of the common variance (see Table 4 ).
Given the stability of the two components (found in the total sample of second and third graders, in two randomly selected samples of third graders, and in the total sample of second graders), we looked for between-group differences on the mathematics components. Therefore, the sample of the third graders (N ¼ 376) was divided into five mathematics performance groups (MLD, MA32 , MA3, MA3þ , and MA3þþ). A control group of 47 second graders (MA2) was included in the contrastive analysis in order to be able to investigate the maturational lag hypothesis (and to compare MLD with MA2). We looked for between-group differences and expected MLD students to be performing below average on the cognitive components in comparison with the MA32 , MA3, MA3þ , or MA3þþ groups.
All weighted scores in the total sample were added in the subsequent cognitive components. We subsequently refer to these components as 'semantic component' and 'non-semantic component' (see Discussion). The residual correlation between Components 1 and 2 was r ¼ :00. The means and standard deviations of the mathematics parameters (KRT, TTR and CDR), all normally distributed, are presented in Table 5 .
A MANOVA was conducted with both mathematics components (semantic component, non-semantic component) as dependent variables and belonging to the group of MA2, MLP, MA32 , MA3, M3þ and M3þþ as a factor. Post hoc analyses were conducted using the Tamhane procedure. Note: NR ¼ number reading skills, S ¼ operation symbol comprehension, K ¼ number system knowledge, P ¼ procedural skills, L ¼ linguistic skills, C ¼ context comprehension skills, M ¼ mental representation skills, R ¼ skills to deal with relevance, N ¼ number sense, Gr ¼ grade. Table 5 . Mean typical scores on components (N ¼ 210)
Mathematics component scores Table 4 ) (M ¼ 0:00; SD ¼ 1:00; min ¼ 22:52; max ¼ þ3:78). Non-semantic ¼ component score on Component 2 (see Table 4 ) (M ¼ 0:00; SD ¼ 1:00; min ¼ 23:78; max ¼ þ4:86). MA2 ¼ second graders without learning problems (matched on mathematical performance with MLD group); MLD ¼ third graders with mathematical learning disabilities; MA32 ¼ third graders with below-average (21 SD) mathematical problem-solving skills (age matched on MLD group); MA3 ¼ third graders with moderate (between 20.5 and þ0.5 SD) mathematical problem-solving skills (age matched on MLD group); MA3þ ¼ third graders with above-moderate (þ1 SD) mathematical problem-solving skills (age matched on MLD group); MA3þþ ¼ third graders with expert (þ2 SD) mathematical problem-solving skills (age matched on MLD group). abcd: different indexes refer to significant between-group differences with a significance level of .05.
The MANOVA revealed a significant main effect for mathematical performance group on the multivariate level, Fð10; 406Þ ¼ 117:27, p , :0001. With a medium effect size (h 2 ¼ :74), a power of 1.00 was found. Univariate significant between-subject effects were found for the semantic component, Fð5; 204Þ ¼ 517:97, p , :0001, and for the non-semantic component, Fð5; 204Þ ¼ 2:17, p , :05 (see Table 5 ).
Post hoc follow-up analyses on the semantic component scores revealed that children with mathematical learning disabilities (MLD) differed from children with below-average mathematical problem-solving skills (MA32 ) and peers with age adequate mathematical skills (MA3, M3þ and M3þþ) on the semantic mathematics component. In addition, the MLD children had equal semantic scores to those of younger children (MA2). These results might point into the direction of the maturational lag hypothesis. However the non-semantic component scores of younger children could not be easily explained. The scores of young children only differed from those of expert third-grade mathematics problem solvers. Neither the maturational lag hypothesis nor the deficiency hypothesis explains this pattern in our results.
Since these results do not validate the maturational lag or deficit hypothesis, we performed an additional analysis. A MANOVA was conducted with cognitive skills (number comprehension, operation symbol comprehension, number knowledge, procedural calculation, language comprehension, context comprehension, mental representation, relevance, and number sense) as dependent variables and belonging to the mathematical performance group of MA2, MLD, MA32 , MA3, M3þ or M3þþ, as an independent factor.
With a small effect size (h 2 ¼ :47), a power of 1.00 was found. The MANOVA revealed a significant main effect for the groups at the multivariate level, Fð45; 879Þ ¼ 20:86, p , :0001. Univariate significant between-subject effects were found for all cognitive parameters (see Table 6 ).
Post hoc follow-up Tamhane analyses (since equal variance could not be assumed from the Levene test) revealed that children with mathematical learning disabilities (MLD) had lower cognitive skills compared with children with below-average mathematical skills (MA32 ) on NR-, R-, and N-tasks. The MLD group also had lower scores on all cognitive skills compared with peers with average or above-average mathematical problem-solving skills (MA3, M3þ , M3þþ). However the scores of the MLD children and the younger children (MA2) did not differ significantly for number comprehension, operation symbol comprehension, procedural calculation, language comprehension, context comprehension, mental representation, or number sense. These results might point in the direction of the maturational lag hypothesis on all but two (K and R) cognitive parameters. Children with mathematical learning disabilities had scores that were lower than younger children on K-tasks. However, the MLD group had higher R-scores than the younger children, matched at mathematics performance level.
Discussion
Substantial progress has been made in characterizing cognitive skills that are important to success in adult mathematical problem solving (e.g. Butterworth, 1999; Campbell, 1994) . However, there is still considerable debate about the relationship between the semantic information and the input and output (Cipolotti & Butterworth, 1995; Dehaene, 1992; McCloskey, 1992) . Such research is usually conducted in subjects with acquired mathematics deficits associated with brain injury (Cipolotti, 1995; McCloskey, 1992) and, therefore, may not apply to developmental mathematical learning disabilities. Questions also remain as to whether children should be conceptualized within a delay or deficit model (Borkowski & Thorpe, 1994; Geary, 1993; Wong, 1996) . Therefore, a model was created to analyse and identify some of the mathematical problems of children with mathematical learning disabilities (Desoete, 2002) . According to the nine-skills model, mathematical problem solving depends on adequate nonsemantic (NR, S, P), semantic (K, N) and semi-semantic (L, C, M, R) skills. The present study contributes to the debate on children's mathematical problem solving based on this nine-skills model. First, the data from the present study failed to validate a unique (semantic) or three (semantic, visual and semi-semantic) component solution, since our results favoured two cognitive components. Component 1 was a combination of all nine cognitive skills with a positive loading of more than .30 and had an explained variance of about 52%. This component could be seen as a global construct for all cognitive skills. We could Table 6 . Mean typical scores on cognitive skills (N ¼ 210) argue that this construct is probably based on a semantic elaboration, since it has a positive loading of semantic (K and N) and semi-semantic (L, C, and R) tasks. However these results cannot totally be explained since Component 1 also had an inexplicable positive loading of non-semantic tasks (NR, S, and P). Component 2 had an explained variance of about 11% and combined a positive loading of non-semantic (NR, S, and P) and a negative loading of (semi-)semantic (C, R, and N) tasks. We could argue that this construct can be explained without assuming non-semantic mediation. However these results cannot be nicely implemented in the Cipolotti and Butterworth (1995) model, since Component 2 also had an inexplicable positive loading of a semantic task (K). In addition there seem to be some developmental differences in numeracy, since children in Grade 2 had a rather different component structure. It might be true that the transcoding pathway in young children is more semantic than in older subjects, where an additional non-semantic pathway seems to explain Component 2. To summarize, the data from the present study failed to validate the adult models of mathematical problem solving in young children. None of these models could completely explain our dataset, and additional research is certainly needed on the developmental aspects of children's mathematical problem solving skills. Second, we investigated whether children with a mathematical learning disability show immature (maturational lag or delay hypothesis), or different (deficiency hypothesis), cognitive skills, in comparison with the skills of mathematics-performance matched younger children (e.g. Geary, 1993; Wong, 1996) . We aimed to look for a continuum from very good to very poor mathematical problem solving, with children with mathematical learning disabilities showing inferior cognitive skills, and agematched experts in mathematics exhibiting general strengths on cognitive skills, as suggested by the delay hypothesis. A MANOVA was conducted to look for betweensubject differences and to compare six groups of children. Children with mathematical learning disabilities were compared with groups of ability-matched peers. The pattern in our results on the global semantic component (Component 1) favours the maturational lag or delay hypothesis, as suggested by Wong, since children with mathematical learning disabilities had comparable semantic skills to younger children. In addition above-average mathematical problem solvers and experts had better semantic skills than average and below-average mathematical problem solvers. The semantic component did not, however, differ significantly between above-average and expert mathematical problem solvers. In addition, the data on the non-semantic component (Component 2) could not be explained according to the maturational hypothesis. Here younger children did inexplicably better than mathematical experts on the non-semantic component. The deficit hypothesis, as suggested by Geary (1993) , was unable to explain these data. Therefore, an additional MANOVA was needed to look for between-subject differences on the nine cognitive skills. Again, the pattern in our results on seven (NR-, S-, P-, L-, C-, M-, N-skills) of the cognitive skills favours the maturational lag or delay hypothesis (e.g Wong, 1996) . However, children with mathematical learning disabilities performed worse than mathematics performance-matched younger children on number system knowledge, even though this is supposed to depend on an analogue magnitude system. The children with mathematical learning disabilities in Grade 3 performed better than children in Grade 2 on tasks where they had to deal with irrelevant information (R). Rtasks are supposed to be semi-semantic tasks making use of general language modules. Therefore, our results can be implemented in a mixed model. Children with mathematical learning disabilities seem to have a general language (L-, C-, M-tasks) and a general non-semantic (NR-, S-and P-tasks) delay. However, perhaps due to their age, they better regulated their cognitive skills in order to select relevant data compared to young children (R-tasks). In addition, children with mathematical learning disabilities seem to have a disharmonic profile as to the semantic representation of magnitude, measured by K-tasks. Their scores on the N-tasks were also lower (though not significant) than the performances of younger children on these tasks (also supposed to depend on the representation of magnitude). To sum up, at first glance children with mathematical learning disabilities seem to have cognitive skills comparable to those of children 1 year younger. However, on analysing this performance further, significant differences were found on semantic magnitude representation compared with younger children without learning disabilities, matched at the level of mathematical problem solving.
These results should be interpreted with care, since there are several limitations to the present study. First, the tasks used in our study are not laboratory tasks designed to measure semantic and non-semantic decoding. Different tasks are correlated with one another, meaning, for example, that to solve an L-task which is supposed to be a semisemantic task, number reading (NR) and procedural calculation (P) are also involved, even though they are supposed to be non-semantic aspects. Therefore, most models focus, with reason, on one aspect of mathematical problem solving (Collet, 2003; Levine et al., 1992) . In laboratory studies on the non-semantic route, for example, two Arabic stimuli are presented shortly after each other and the processing time of naming (NR) the second stimulus (target) is analysed in function of the first stimulus (prime; e.g. Brysbaert, 1995; Koechlin, Naccache, Block & Dehaene, 1999; Lucas, 2000) . However, we think that our approach can add some empirical evidence to this classical semantic priming paradigm from another perspective and, therefore, enhance insight into the mathematical problem solving strategies of young children. Second, cognitive skills might be age-dependent and still maturing. Additional research is needed on younger and older children. Such studies are currently being prepared. Third, the number of other possible causes of low mathematical functioning (non-native children with eventual language problems, hyperactivity, sensory impairment, brain damage, chronic medical conditions, insufficient instruction, serious emotional or behavioural disturbance) was restricted to a minimum in this study. These restrictions, causing a limitation in the random sampling, have to be noted as limitations of this research. In addition, the tests used to select the different groups of children (KRT and TTR) can be 'loaded' with building block factors. However, we have several reasons which lead us to believe that the obtained results do not question the internal validity of the research, since a combination of criteria was used to include children in the different subgroups. Below cut-off scores on the tests were only one of these criteria. The other criteria were quantitative and qualitative mathematics testing with other tests and additional protocol analyses and video recording by the school psychologist or a team of therapists. Furthermore, teacher ratings were also included in our selection procedure.
Despite these limitations, we found support for the fact that adult models of number processing cannot automatically be implemented in young children's mathematical problem solving. In addition, an exclusively semantic or non-semantic approach to all children with mathematical learning disabilities did not seem to be a good idea. Furthermore, since we could not explain all our results according to the maturational lag hypothesis, we cannot expect all cognitive skills to develop spontaneously as children grow older and have more experience with mathematics.
Good assessment seems to be indicated. In addition, cognitive therapy should, therefore, focus on the cognitive weaknesses or deficits and strengths of children with mathematical learning disabilities, in order to tailor a relevant instructional programme, for instance on magnitude representation.
